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Tools of Algebra: Linear Functions (Part 1)

Welcome!

Congratulations on deciding to continue your studies! We are happy to share this study
packet on linear functions. We hope that these materials are helpful in your efforts to earn
your high school equivalency diploma. This packet is part of a larger group of math study
materials that cover the mathematics topics that we often see on high school equivalency
exams. If you study these topics carefully, while also practicing other basic math skills, you
will increase your chances of passing the exam.

Please take your time as you go through the packet. You will find plenty of practice here, but
it's useful to make extra notes for yourself to help you remember. You will probably want to
have a separate notebook where you can recopy problems, write questions and include
information that you want to remember. Writing is thinking and will help you learn the math.

At the end of the packet, you will find an answer key. Try to answer all the questions and then
look at the answer key. It's not cheating to look at the answer key, but do your best on your
own first. If you find that you got the right answer, congratulations! If you didn't, it's okay. This
is how we learn. Look back and try to understand the reason for the answer. Please read the
answer key even if you feel confident. We added some extra explanation and examples that
may be helpful. If you see a word that you don't understand, try looking at the Vocabulary
Review at the end of the packet.

We also hope you will share what you learn with your friends and family. If you find
something interesting here, tell someone about it! If you find a section challenging, look for
support. If you are in a class, talk to your teacher and your classmates. If you are studying on
your own, talk to people you know or try searching for a phrase online. Your local library
should have information about adult education classes or other support. You can also find
classes listed here: http://www.acces.nysed.gov/hse/hse-prep-programs-maps

You are doing a wonderful thing by investing in your own education right now. You have our
utmost respect for continuing to learn as an adult.

Please feel free to contact us with questions or suggestions.
Best of luck!

Mark Trushkowsky (mark.trushkowsky@cuny.edu) & Eric Appleton (eric.appleton@cuny.edu)
CUNY Adult Literacy and High School Equivalency Program
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Language and Skills Practice

Vocabulary

It is important to understand mathematical words when you are learning new topics. The
following vocabulary will be used a lot in this study packet:

change - constant - function - generalization - pattern - rate - slope - variable

In this first activity, you will think about each word and decide how familiar you are with it. For

example, think about the word “cube’” Which of these statements is true for you?
e | know the word “cube” and use it in conversation or writing.
e | know the word “cube;” but | don't use it.
e | have heard the word “cube;” but 'm not sure what it means.
e | have never heard the word “cube” at all.

In the chart on the next page, read each word and then choose one of the four categories
and mark your answer with a ¢/ (checkmark). Then write your best guess at the meaning of
the word in the right column. If it's easier, you can also just use the word in a sentence.

Here's an example of how the row for “cube” might look when you're done:

| have heard the

| know the | know the ) My best guess at the
word, but I'm | have never )
Word word and word but meaning of the word
. _ not sure what | heard the word .
use the word don't use it it means {or use the word in a sentence)

cube v

some length

like a boy, oll the sides ore the

Complete the table on the next page.
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Using Graphic Organizers to Learn Vocabulary

In order to learn math vocabulary, we need to practice using words in different ways. In this
activity, you will choose a few words from this packet that you want to practice, then you will
complete a graphic organizer for each word. Look at the sample for the word quotient below.

To start, choose a word from the packet and complete the graphic organizer:

e What is the definition of the word? You can look at the vocabulary review on page 87
for help. Write the definition in your own words to really make the word yours.

e Make a visual representation. You can make a drawing or diagram that will help you
remember what the word means.

e What are some examples of the word you're studying? Below you can see that there
are examples of quotients, which are the answers to division problems.

e What are some non-examples of this word? These are things that are not the word
you'e studying. For example, 24 is not the quotient of 4 divided by 6.

/—\ Visual Representation

What is it?

A quotient is the result of
dividing one number by another.
It is the answer to a division
guestion,

What are some examples? q UOtl e Vlt What are some non-examples?

15 divided by 3 equals 5

b+ 6=1 4 times 6 equals 24
63/18 = 3.5 18+5=23

5,1 and 3.5 are quotients in =3 6= 5

these calculotions. 35X 18 =63

population = area = density
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Patterns

The heart of mathematics is the study of patterns. In this packet, you will develop your ability
to notice, identify, describe and continue patterns. You will learn how to do all of these things
with a powerful tool in math called a linear function.

So, what exactly is a pattern?

There are patterns all around us. There are patterns in nature, patterns we create, even
patterns within other patterns. Consider a few examples of patterns:

e rhythm and rhyme in a song

e dancing

e the migration patterns of animals

e theseasons

e the patterns on clothing

e how we spend our money

e our behavior patterns (the way we act)

e our daily routine - the things we do every day

e how children often look like their parents

e weather patterns

e the movement of the stars

It's interesting that we use one word to describe so many different situations.

What do dancing, weather, clothing design, and human behavior have in common? What is a
pattern?

| think a pattern is

©2019 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed under Creative
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For your work in this packet, here is a helpful way to think about patterns:

Patterns are things we can observe. We gather information about what has
come before to make predictions about what will come next.

We are able to dance to a song because we recognize patterns. When we listen to music, we
hear the beat, observe what repeats and what changes, and we can move our bodies even if
we've never heard the song before.

Weather is another interesting example. How can we possibly know what the weather will be
like tomorrow? Do meteorologists have time machines or crystal balls? The simple version
behind the weather reports is that humans have been observing weather patterns for over
200,000 years. Some humans long ago noticed that before it rained, the clouds in the sky
turned dark and the air felt different and was able to plan their day accordingly. Today we use
technology and computers; we have more sophisticated ways of gathering information but
the idea is the same. We collect information and use it to make predictions, based on what
came before.

We are going to focus on two types of patterns: repeating patterns and growing patterns.

Repeating patterns have something that repeats. The four seasons, the days of the week, and
the months of the year are all examples of repeating patterns in our lives. The seasons are
spring, summer, fall, winter, and then the pattern repeats again. The days are Monday,
Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday, and then the pattern repeats again.

A growing pattern is a special order of numbers or objects that grows in a way that can be
described and continued. A special order of numbers is called a sequence. To understand
growing patterns, we will analyze sequences to see how they change as they grow.

©2019 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed under Creative
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Repeating Patterns

One example of a repeating pattern is the Chinese Zodiac. Every year is
assigned one of twelve animals: the pig, the rat, the ox, the tiger, the
rabbit, the dragon, the snake, the horse, the goat, the monkey, the
rooster, and the dog. Those are the 12 signs. After that, the signs repeat

again, always in the same order. 2019 is the Year of the Pig. That means that 2018 is the Year

of the Dog and 2020 is the Year of the Rat.

1) Use the pattern to complete the y chi Zodiac Si
chart on the right. e inése codlac >en
2018 Dog
_ 2019 Pig
2) After 2019, when is the next Year of
the Pig? 2020 Rat
2021
2022
2023
3) If someone was born in 2012, what 2024
is their Chi Zodiac sign?
is their Chinese Zodiac sign —
2026

4)  What was the Chinese Zodiac sign for the year you were born? Explain how you know.
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We can also explore number patterns that repeat. Consider the following repeating number

pattern:

1,2,3,4,1,2,3,4, ..

This pattern is made up of a core that repeats. The core of this patternis 1, 2, 3, 4.

5)  What would the next three numbers in the pattern be?

Organizing the numbers into a table can sometimes help us see more patterns.

The table below shows the first 16 numbers in Number in Pattern (Term)

our repeating pattern.

6)  What other patterns do you notice in the
table?

7) What would the 28th number in the

pattern be? Explain your answer.

Number
1st 1
2nd 2
3rd 3
4th 4
5th 1
6th 2
7th 3
8th 4
9th 1
10th 2
11th 3
12th 4
13th 1
14th 2
15th 3
16th 4
17th 1
18th 2
19th 3
20th 4
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8) Isthe 37th number in the pattern a 4? How do you know?

9)  What would the 51st number in the pattern be? Explain how you got your answer.

10)  What would the 89st number in the pattern be? Explain how you got your answer.

1)  What would the 234th number in the pattern be? Explain how you got your answer.
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Growing Patterns

A growing pattern is a particular type of pattern where numbers or objects are in a certain
order. When we study patterns, it can be helpful to think about change. In the number
patterns below, we can ask how the numbers change as we go from one number to the next
number.

Here is an example of a sequence where the numbers change by adding 9 to each termin
the sequence.

Add 9 Add 9 Add 9 Add 9 Add 9

Rule

Add 9 6 15 24 33 42 51

—

12)  Complete the sequences for the following growing patterns:

— g+11%g+11@g+11%g+11®g+11%

Add 11

=
+7 +7 + 7 +7 +7

Rule g i)ﬁ %ﬁ %g i)ﬂ %
8

Add 7 15 22 29

—
+2.25 #2025 +2325 +215 +2.25
" I

15 26

Add 2.25 550 | 7.75 10

(=Y
+75 +75 +75 +75 +75
Rule g Qﬁ i}ﬁ Qg Qﬂ Q

Add 75

(R

75 300
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Let's look at some examples of growing patterns that are decreasing. They are still changing
according to a pattern that we can identify, describe, and continue.

I

Take away 9 100 9 82 73 64 55

13)  Complete the sequences for the following growing patterns:
-4 -4 -4 -4 -4
Rule g @ g @ g % g @ g %
5 1

2

-4 2

(=
-20 -20 -20 -20 -20
Rule g % g % g % g % g %

-20 200 | 180 160

17

-3 -3 -3 -3 -3
Rule ﬂ % g % g % g @ ﬂ %
0 7 4

-3 1

" AR

-6 36
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In the growing patterns on the last few pages, you were given a rule that described how the
numbers were changing. You used that rule to continue and extend the pattern. In the
patterns below, you will figure out the rule by looking at how the numbers change.

14)  Identify the pattern in each sequence. How are the numbers changing? Above each
arrow, describe the change as the pattern goes from one number to the next. Then
add the rule to the rule box.

™ PEROEPM

Minus 7 4 42 35

—
PRI

—
e PRI
—
e RO
2
AU

(¢
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15)  Below are five sequences that go from 10 to 70. Each one does it in a different
number of moves. Figure out the rule for each growth pattern.

Rule

V

1

A A

70

J

Rule

D

1

A A e

70

J

Rule

Y

v

1

70

Rul

(RC™

10 70

J117

Rule

(R

1

J

16)  Which of the 10 to 70 sequences above was the most challenging for you? Explain

your answer.
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Growth patterns can be shown in other ways. We can use arrows to show that numbers
change by the same amount from one number to the next. However, the pattern can also
shown as a simple series of numbers separated by a comma. The ellipse punctuation symb
(...) is often used to show that the pattern continues.

For example:

15, 30, 45, 60, 75, 90, 105, ...

We can use the word “term” to describe where a number is in a pattern. The first term, or

be
ol

Term 1, is the first number in the pattern, The second term, or Term 2, is the second number

in the pattern and so on.

In the pattern above, 15 is the first term, 30 is the second term, 45 is the third term, and so
on.

Term | 1 2 3 4 5 6 7

Number | 15 30 45 60 75 20 105

Find the rule and write the next three terms in each pattern. Notice that each term is
separated by a comma and that each missing term is represented by a blank line.

17) 20,18, 16, 14, , , What is the rule for this pattern? _______
18) 7,11,15,19, : , What is the rule for this pattern? _______
19) 15,10,5,0, . . What is the rule for this pattern? _______
20) 36,42, 48, 54, , , What is the rule for this pattern? _______
21) 60, 51, 42, , , What is the rule for this pattern? ______

22) Create your own pattern that has 24 as its 5th term.

, 24,

©2019 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed under Creative
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The power of patterns lets us extend the sequence beyond the next few numbers. Below are
the first 4 numbers in several different growing patterns. Find the 8th term for each pattern.

23) 15,3,45,6, .. The 8th termis
24) 12,20, 28, 36, ... The 8th term is

25) Consider the following sequence. What is the 8th term of the sequence? Record your

answer on the answer grid.

75,72, 69, 66, ...
QDD

QOIOOE
0/0][0JOJO]
0)(0]0)(0]0)]
@200@
Olelole]©)]
@OOO®®
®B|®B®
®®|®®®
0/(0]0]0)0)
®0|®®
®0®®®

26) 5,8,11,14, .. The 8th termis

27) 34,27,20,13,.. The 8th term is

28) 2012,2008,2004, ... The 8th term is

©2019 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed under Creative
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This packet focuses on growing patterns that have a constant change. A constant change is
when you add or subtract the same value to each number in the sequence. These are called

linear patterns.

There are other types of growing patterns in mathematics where the amount of growth
changes as the pattern grows. The change is not constant in this type of growing pattern.

29) For the two sequences below, identify how each pattern is growing from one number

to the next, then extend the pattern.

| |
ﬁ % @ﬁ @ﬁ Rl

4

| | | | ||
[

9

30) Find the 10th term for the two patterns above.

a) 1,3,6,10,..

b) 1,4,9,16, ..

The growing pattern 1, 3, 6,10, ...and 1, 4, 9, 16, ...

are called nonlinear patterns. You can find

more practice with this type of growing pattern in Tools of Algebra: Nonlinear Functions.
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Visual Patterns

We can also identify, describe, and continue visual patterns using the same skills we use
when we are looking at number patterns.

A visual pattern is similar to a number pattern. Instead of numbers, we have shapes that
change as we move from term to term. Below are the first 3 terms of a visual pattern.

Term 1 Term 2 Term 3

31)  What is changing as the pattern goes from term 1 to term 3?

32) What stays the same as the pattern goes from term to term?

©2019 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed under Creative
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Thinking about the next term can help us identify different patterns in this sequence.

33) How many shaded squares will there be in Term 4 of this sequence? How do you

know?

34) How many unshaded squares will there be in Term 4? Explain your answer.

35) How many total squares (shaded and unshaded) will there be in Term 4?

36) Draw Term 4.

37) Inafew sentences, describe what the 10th term would look like. (It's okay if you are
not sure. Make a guess and then continue reading).
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When we looked at number patterns, you were able to make predictions and extend patterns
beyond just the next few terms. You can do the same thing with visual patterns. Tables can
be a helpful tool in understanding the pattern.

38) Continue the pattern to complete the chart below.

Term Total
Number Number of
Squares
1 - 39) Draw what you think the 10th term would look like.
2 7
3 q
4
5
6
7
8
9 40) How many shaded squares would there be in Term
10 207? Explain how you know.

41)  How many total squares would there be in the 20th term? Explain how you know.
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Here is another visual pattern. Notice that instead of referring to each object in the
sequence as Term 1, Term 2, and Term 3, in this pattern they are called Figure 1, Figure
2, and Figure 3. You might also see the objects called steps, as in Step 1, Step 2, and
Step 3. Terms, Figures, and Steps are all different words that mean the same thing.
They can all be used to describe a visual pattern and any of them may be used on
your high school equivalency exam.

Figure 1 Figure 2 Figure 3

42) Fillin the blanks.

As the figure number changes, also changes.
As the figure number changes, also changes.
As the figure number changes, also changes.
As the figure number changes, also changes.

43) What stays the same in all three figures?

44) How many squares will there be in the next figure? Explain how you know.
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45) Complete the chart.

Figure Number of
Number Squares

46) How many squares will there be in the 8th figure? Explain your answer.

47) Describe how you would draw the 10th figure.

48) How many squares would there be in the 20th figure? Explain your answer.

You have identified patterns and used them to make predictions. But what if you wanted to
make a prediction further along the pattern. What if you wanted to know how many squares
there are in the 46th figure? What about the 99th figure? What if we wanted to predict the
number of squares in any figure number? In the next section, you will begin to understand

how linear functions can help us describe patterns.
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Answer Key - Patterns

Year

Chinese Zodiac Sign

2019

Pig

2020

Rat

2021

Ox

2022

Tiger

2023

Rabbit

2024

Dragon

2025

Snake

2026

Horse

2)  The next Year of the Pig will be 2031. The Chinese zodiac repeats every 12 years. Since
2019 is the Year of the Pig, the next Year of the Pig will happen 12 years later

3) The Year of the Dragon.

Pig

1935,1947,1959, 1971,
1983, 1995, 2007,
2019, 2031

Snake

1929, 1941, 1953, 1965,
1977,1989, 2001,
2013, 2025

Rat

1924, 1936, 1948,
1960, 1972, 1984,
1996, 2008, 2020

Horse

1930, 1942, 1954,
1966, 1978,1990,
2002, 2014, 2026

Ox

1925,1937,1949, 1961,
1973,1985, 1997,
2009, 2021

Goat

1931, 1943, 1955, 1967,
1979, 1991, 2003,
2015, 2027

Tiger

1926, 1938, 1950,
1962,1974,1986,
1998, 2010, 2022

Monkey

1932, 1944, 1956,
1968, 1980, 1992,
2004, 2016, 2028

Rabbit

1927,1939, 1951, 1963,
1975, 1987,1999, 2011,
2023

Rooster

1933,1945,1957,1969,
1981, 1993, 2005,
2017,2029

Dragon

1928, 1940, 1952,
1964, 1976, 1988,
2000, 2012, 2024

Dog

1934, 1946,1958,
1970, 1982, 1994,
2006, 2018, 2030

5) The next three numbers would be 1, 2, 3
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6)

8)

9

10)
1)
12)

There are several different patterns you might notice. Here are three examples: (1) If the
number in the pattern (the term) is in the 4 times table (4, 8, 12, 16, 20, etc), the number
will be 4. We can predict that the 24th number will also be 4. (2) The 5th number is 1,
the 10th number is 2, the 15th number is 3, the 20th number is 4. We can predict that
the 25th number will be 1. (3) The 6th number is 2, the 12th number is 4, the 18th
number is 2, the 24th number is 4. We can predict that the 30th number will be 2.

The 28th number would be a 4.

The 37th number in the pattern would not be 4. There are several ways to know. You
could continue the table. You could write the pattern out for 37 terms. You could count,
1,2,3,4,1,2, 3, 4... until you got to the 37th number. You might also notice that if the
28th number is a 4, so the 32nd would be a 4, and the 36th would be a 4. The 37th
would be a 1.

3. There are different ways to figure this out. The 48th number would be 4, so the 49th
number is 1, the 50th is 2 and the 51st number is 3.

1
2

+11 +11 +11 +1

AR R

Add 11 4 15 26 37

+7 +7 +7 +7 +7
Rule i} i> i} i} i}
8 15 22 29 36 43

Add 7

+2.25 +225 +225 +225 +2.25
Rule i L i J i L i b i L

Add 2.25 550 | 775 10 12.25 | 14.50 | 16.75

+75 +75 +75 +75 +75
Rule i} i\}' i> i) i)

Add 75 0 75 150 225 | 300 | 375

[
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-4 -4 -4 -4 -4
13) Rule i} S} i} i} £¥
-4 25 21 17 13 9 5
-20 -20 -20 -20
Rule i} 53 i} i} £>
-20 201
-3 -3 -3 -3 -3
Rule i} i; i} i> i>
-3 10 7 4 1 -2 -5
-6 -6 -6 -6 -6
Rule i 12 i> i 2 i 12 i}
-6 42 36 30 24 18 12
-7 -7 -7 -7 -7
14)
Rule i> % £> i} i>
Minus 7 49 42 35 28 21 14
+4 +4 +4 +4 +4
Rule i> i; S> i} i>
Add 4 10 14 18 22 26 30
2 2 -2 -2 -2
Rule i) i> i) @ i}
Minus 2 42 40 38 36 34 32
=10 -10 -10 -10 -
Rule i> i> i) i} i>
Minus 10 b2
+2 +2 +2 +2 +2
Rule i> i> £> i} i>
Add 2 17 19 21 23 25 27

2
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15)

16)

17)
18)
19)
20)

+10 +10 +10 +10 +10 +10

e ﬁﬁﬁﬁﬁﬁ

+10 10 50 60

+12 +12 +12 +12 +12

ﬁﬁﬁﬁﬁ

1

Rul

+12 10

J

+15 +15 +1

e ﬁﬁﬁﬁ

+15 10

J

+20 +20 +20

T )

+20 10 30 50 70

J

+30 +30

+30 10 40 70

J

Trial and error is one effective strategy for solving this activity. Here is another way. For
each of these patterns, you need to add 60 to the 10 to get to 70. The difference
between each pattern is you have a different number of jumps. In the pattern on the
bottom, there are 2 equal jumps to add 60, so each jump has to be 30. In the second
pattern from the bottom, you have 3 equal jumps to add 60, so each jump is 20. So if
you divide the 60 into however many equal jumps you have, you have the size of
each jump. Does that work for the other patterns?

The answer to this question will be different for everyone. Why do you think it might be
helpful to go back and think about the challenges we face?

The next three terms are 12, 10, 8. The rule for this pattern is Minus 2.
The next three terms are 23, 27, 31. The rule for this pattern is Add 4.
The next three terms are -5, -10, -15. The rule for this pattern is Minus 5.

The next three terms are 60, 66, 72. The rule for this pattern is Add &
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21)

The next three terms are 33, 24

=) =)

15. The rule for this pattern is

Minus 9

22) Everyone will create a different pattern for this question. It exercises a different part of

your brain to create a pattern, doesn't it?

23) The 8th termis12.

24)
25)

The 8th term is 6.

=

CICICICICICICIOICIOLO)

CICICICICICICICICICIOS
@EOPEOEEEOEOE
CICICIO] ICICICICIOIOISIN:
CICICICICL ICICICIOLO)

26) The 8th termis 26.

27)

The 8th term is -15.

28) The 8th term is 1984.

29)
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30)
a) The 10th term in this pattern is 55.
b) The 10th term in this pattern is 100.

31) Thereis not one correct answer. There are several different things you might notice.
Here are a few examples:

The number of squares in each term is increasing.

The height of each term is increasing.

The number of squares in each “leg” is increasing.

The number of unshaded (white) squares is increasing.

32) There is not one correct answer. Here are a few examples of things that stay the same:
e The number of shaded (grey) squares.
e The number of “legs".
e There is always the same number of squares in each “leg”

33) 3. Every term has 3 shaded squares across the top.
34) 8.There will be 4 in each “leg”"

35) Term 4 will have 11 squares. There are many ways to answer this question. Here are 3
examples:
e You can identify the pattern with the number of squares in each term. The number of
squares in the first 3 termsis 5,7, 9, ___
e You can identify a pattern in the pictures. Each term has 2 more squares than the term
before it. Term 4 will look like term 3, with an extra square and the end of each “leg".
e You can focus on the unshaded squares. We know there are 3 shaded squares across
the top. Term 4 will have 4 unshaded squares in each “leg”. Since there are 2 legs, that
makes 8 unshaded squares. 8 + 3 is 11.
36)

37) The 10th term would have 3 shaded squares across the top. Each “leg” would have 10
unshaded squares.
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38)
Term Total
Number Number of
Squares
1 5
2 7
3 9
4 1
5 13
6 15
7 17
8 19
9 21
10 23

39) 10th Term
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40) There would be 3 shaded squares across the top.

41) There are 43 squares in the 20th term. There are 20 unshaded squares in each “leg” and
3 shaded squares across the top.

42) There are many correct answers. Here are a few possible answers:

As the figure number changes, the nomber of squares also changes.

As the figure number changes, the number of unshaded squares also changes.

As the figure number changes, the height of each figure also changes.

As the figure number changes, the number of squares across the bottom also changes.

43) There are several correct answers. Here are a few possibilities:

e There are always four shaded squares.

e There are three “arms” of unshaded squares growing out of the 4 shaded squares.

e The number of unshaded squares is always 3 times more than the figure number (for
example: Figure 1 has 3 unshaded squares. Figure 2 has 6 unshaded squares. Figure 3
has 9 unshaded squares.

44) The next figure will have 16 total squares. 4 shaded squares and 12 unshaded squares.
45)

Figure Number of
Number Squares
1 7
2 10
3 13
4 16
5 19

46) There would be 28 squares in the 8th figure. 4 shaded and 24 unshaded squares.

47) You could start with 4 shaded squares. Then there would be 10 unshaded squares going
up, 10 unshaded squares across the bottom and 10 unshaded squares in the diagonal.

48) There would be 64 squares in the 20th figure. 4 unshaded squares and 20 unshaded
squares in each “arm”.
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What is a Function?

You might already be familiar with the word function in everyday use. For example, you might
talk about the functions of a new smartphone. Or you might go to dress up to go to a function
with a friend. These are two different everyday uses of the word function. In mathematics,
function has a different meaning.

Functions are one of the biggest ideas in all of mathematics. A function is a description of
the relationship between two quantities. The number of squares in a visual pattern is a
function of the figure number. The distance around a circle (called the circumference) is a
function of the distance across the circle (called the diameter). If you get paid by the hour, the
amount of money you earn is a function of the number of hours you work. The number of
servings a recipe makes is a function of the amount of ingredients you use. The amount you
owe on your electric bill is a function of the amount of electricity you use.

A function is a tool we can use to model real-world situations. In this case, modelling doesn't
mean wearing nice clothes. In math, to model a real-world situation means to create a
mathematical representation of that situation. Mathematical representations of a situation
help us analyze and understand that situation.

We will focus on four mathematical representations for function relationships: language,
tables, graphs, and equations. In this packet, you will learn how to use each representation.

We will analyze and understand how numbers change. There are different kinds of functions,
but all of them describe change. Quadratic functions, exponential functions, and linear
functions each describe different kinds of changes in the relationship between two
quantities. In this packet you are going to explore linear functions. Linear functions are
functions that increase or decrease in a constant manner.

In mathematics, quantities that change are called variables. The word variable comes from
the word vary, which means “to change” When people see variable, they often think of
problems that ask them to solve for «. In those situations, the variable x represents a specific,
unknown number for us to find.
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For example, there is only one value of - that makes the following equation true:
x+5=15
When we work with functions, we use variables a little differently. With functions, we use
variables to model the relationship between certain numbers. For example, there are many
values of « and y that make the following equation true:
x+5=y

To understand how the two variables work together, we describe them as inputs and outputs.

Function Machines ing

A function machine is a diagram that gives us a basic idea about j
Rule

how functions work. A function machine works like an automobile

factory. Raw materials go into a factory—glass, steel, rubber, plastic.
Inside the factory those raw materials are welded, painted, and / \

shaped. And then a finished car comes out of the factory. Out }

Functions work in a similar way. A number goes into the function machine, we do something
to that number, and then a number comes out of the function machine. Instead of raw
materials, numbers go into the function machine. We call these numbers inputs. Instead of
welding, painting and shaping them, the numbers can be changed using addition,
subtraction, multiplication, division, or other methods (and sometimes combinations of

these). Finally, another number comes out of the machine, which we call an output.

Look at the table below.

Iny Input Output What do you notice?
7 8 16
Rule 50 100
Multiply by 2 23 46
D 75 150 How does this table work?
Out § 300 600
450
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The relationship between each input and output is described by the rule. For this function,
the rule is Multiply by 2. This means that we will multiply any input into the function by 2 to

get the output.
e When an input of 8 goes into the machine, we multiply by 2, and the output is 16.
e When an input of 50 goes in the machine, we multiply by 2, and the output is 100.
e When a 23 goes in, we multiply by 2, and a 46 comes out.

1) What is the output of this function when the input is 4507

2) Choose your own input to put into the function. Write that number in the table above
under the 450. What is the output of the function when you put your number in?

Let's look at another function machine. In this example, you have some of the inputs that
went into the function. For each input, the table tells you the number that comes out. You

are given inputs and outputs but not the rule.

3) What is happening to each input to result in the given outputs? Write the function rule
in the function machine.

Ing In Qut
; ,v' 0 0
Rule 1 3

30 90

f "| 40 120

Out } 60 180

7 21

10 30
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Function Machine Puzzles 1

Use the function rule and the inputs to complete the function machines below:

4)

Ing In Qut

\/ :

Rule 2

Multiply by 15 3

D 4

out § 15

iny In Out

\/ 10

Rule 14

Divide by 2 24

D 90

Out } 30

6)

Iny In Out

Out } 21
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Function Machine Puzzles 2

Use the inputs and outputs to find the function rule for each function machine below.

7)

Ing In Out

7 16 8

Rule 10 2

20 12

D 8 0

Out } 100 92

8)

Ing In Out

7 3 33

Rule 6 66

9 99

D 1 121
Out } 13 143
?) Ing In Out

7 .50 2

Rule 75 3

1.25 5

D 25 10

Out } 3.25 13
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Function Machine Puzzles 3

In Function Machine Puzzles 1, you were given the rule and the inputs and asked to find the
outputs. In Function Machine Puzzles 2, you were given the inputs and outputs and had to
figure out the rules. For Function Machine Puzzles 3, each machine will give you different
pieces of information. Use whatever information is given to figure out what is missing, then
fillin each blank.

10)
Ing In Out
\ / 6
Rule 1.50
Add 2.25 5
D 10.75
Out § 15
1)
Iny In Out
@ 10
Rule 1
Multiply 3 then add 6 2 12
D 12
Out § 8
24
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12)
Iny In Out
Kj )
Rule 8
Multiply by 1.50 10
D 16
Out § 20
13)
Ing In Out
Tj 12
Rule 16
Increase by 50% 20
D 1
Out } 36
14)
Iny In Out
@ 10 40
Rule 2 8
6
D 60
Out } 320
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15)
Rule:
Subtract 12
In Out
20
35
6.50
40
12.50
n
16)
Rule:
In Out
2 13
4 15
23
30
40
100
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17)
Rule:

Multiply by itself

In Out

X 4

2

4

5 25
49
81
144

18)
Rule:

In Out

3 9

6 18

9 27
36
81
99
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Answer Key - Function Machines

1) 900
2) This answer will be different for everyone. The important thing is whatever number
you put into this function machine, the output will be double that number.

3) Times 3 (You could also write this as Triple or Multiply by 3)

4)
Ing In Out
7 1 15
Rule 2 30
Multiply by 15 3 45
D 4 60
out § 15 225
5)
ing In Out
\/ 0 5
Rule 14 7
Divide by 2 24 12
D 90 45
out § 30 15
6)
ing In Out
‘j 2 s
Rule 3 q
Add 6 5 n
D 7 13
Out § 21 27
7) Minus 8
8) Times 11
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9) Times 4
10)
Ing In Out
7 6 .25
Rule 1.50 375
Add 2.25 5 7.25
D 10.75 13
Out § 12.75 15

This is a little different from the other function machines you've seen so far. For this
machine, you had the output and were asked to find the input. Did you write 17.25 as

the input on the bottom row? This is a common mistake and good to think about

even if you didn't make it. If you put a 15 into this machine, you will get 17.25 out, but
the question in the bottom row is, “What number went in, was increased by 2.25 to

result in an output of 15?”

1)

Iny In Out

7 10 36

Rule 1 9

Multiply 3 then add 6 2 12

D 12 42

Out } 8 30

6 24

This function machine has a two-step rule. That means there are two operations.

Again, in the bottom row we are given the output and asked to find the input. There

are a few different strategies you can use. One effective strategy is to use trial and

error. Make a guess and put that number into the function machine. If the output you

are looking for comes out, great! If not, ask yourself, “is the number too high or too
low?” and then try another input.
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12)
Ing In Out
‘7 2 3
Rule 8 12
Multiply by 1.50 10 15
D 16 24
Out } 20 30

The rule for this function machine is to multiply the input by 1.50. It can help to think
of multiplication as adding groups. 2 x 1.50 means 2 groups of 1.50. 8 x 1.50 means 8

groups of 1.50...
13)
Ing In Out
Yj 12 18
Rule 16 24
Increase by 50% 20 30
D n 16.5
Out § 24 36

Increase by 50% means to take half of a number (50%) and increase the input by
that amount. For example: The first input in our table is 12. Half of 12 is 6. So if we
increase 12 by 6, we get 18. The second input is 16. Half of 16 is 8. If we increase 16 by
8, we get 24. The third input is 20. Half of 20 is 10. If we increase 20 by 10, we get 30.
Do you notice any connection between this function machine and the previous
function machine?

14)
Ing In Out
7 10 40
Rule 2 8
Moltiply by 4 6 24
D 15 60
Out § 80 320
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15)
Rule:
Subtract 12
In Out
20 g

35 23
18.5 6.50

52 40

12.50 .50

23 1
16)
Rule:
Addn

In Qut

2 13

4 15

12 23

19 30

29 40
29 100
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17)
Rule:
Multiply by itself
In Out
X Y
2 4
4 e
5 25
7 49
q 81
12 144
18)
Rule:
Multiply by 3
In Out
3 9
6 18
9 27
12 36
27 81
33 29
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Four Views of a Function

Functions in Words

We can represent functions that are connected to the world by describing the function with

words. Here's an example:

The Apple Taxi company charges a base fare of $3 and then charges 52 for every mile traveled.

1) What if you traveled 4 miles in the taxi? Use the description to figure out how much
the ride would cost.

2)  How much would it cost if you traveled 6 miles in the taxi?

3)  How much would a taxi ride cost if you traveled 2 and a half miles? Explain your
answer.

4)  If your taxi ride cost $25, how many miles did you travel? Explain your answer.
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Using Tables to Represent Functions

A written description of the function relationship allows us to try some numbers and
calculate the cost of riding in a taxi for different distances. We can use tables to show some

particular inputs and outputs.

Function tables have at least two columns. The left column is where we put the input variable
and the right column is for the output variable. Since the cost of the ride depends on the

miles traveled, we put the miles traveled on the left and the cost on the right.

5) Complete the table. Calculate the costs of each taxi ride for the given numbers of
miles traveled.

Miles
Traveled

Input

Calculation

Cost of
Taxi Ride

Output

0

2(0)+3

3

1 2(1)+3

2 2(2) +3

10

Notice that the inputs and outputs change but what we do to the inputs stays the same.
Whatever number we put into this function, we always multiply it by 2 and then add 3. In an
equation, a constant is a value that stays the same even though other things change. In this
function, no matter the mileage cost, the $3 added to the cost stays the same. The 3 is called

the constant.
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The input of O and the output of 3 might seem strange. You might be asking yourself, “How
can it cost $3 if | travel O miles?” This is because $3 is the base fare, or flat fee, for your trip.
As soon as you get in the taxi, the cost is $3, even before the driver starts to drive. We'll come

back to this idea when we learn about starting amounts in functions.

Using Graphs to Represent Functions

A graph is another way of looking at a function. The graph shows us the inputs and outputs

for a function in a visual way. We use the coordinate grid to graph functions.'

A
\{ y-axis
! X-axis ‘L,
g \ '
Origin (0,0) i
Y

The Coordinate Grid

6)  Write down everything you know about coordinate grids.

' For more practice working with the coordinate grid, see Rigid Transformations: Shapes on a Plane, Part 1.
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The coordinate grid is formed by the intersection of two straight number lines. These lines
are called the x-axis (the horizontal line <) and the y-axis (the vertical line J). The point
where the two lines intersect is called the origin. The origin is the point with the ordered pair
(0, 0).

We can use function tables as a guide to create a graph of a function.

In the table below, there are different pairs of inputs and outputs that fit the function rule. If
we travel 1 mile, the ride costs $5. If we travel 2 miles, the ride costs $7 and so on. The pairs
of inputs and outputs can be written like this: (1, 5) and (2, 7). We call each of those
input/output pairs an ordered pair.

7) Complete the table by adding the missing ordered pairs.

Miles Traveled Cos:{ ;::jfeTaxi Ordered Pairs | |
Note: In ordered pairs, the input always
Input Output (Input, Output) | comes first and the output comes
0 3 ©,3 second. Ordered pairs are almost always
1 5 (,5) written using parentheses like this (1, 5).
2 7
3 9
5 13
10 23

Ordered pairs allow us to add inputs and outputs to the coordinate grid. The numbers in an
ordered pair work as a set of directions to tell us where to add points to the graph. For
example, this is how we add the ordered pair (1, 5) to the coordinate grid.

Step 1: Always start in the origin (O, O).

Step 2: The first number in the ordered pair tells you how many spaces to move to the
right or left. A positive number means to move to the right and a negative number
means a move to the left. In (1, 5) the first number is positive 1, so we move 1 space to
the right.
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Step 3: The second number in the ordered pair tells you how many spaces to move
up or down. A positive number means to move up and a negative number means a
move down. In (1, 5), the second number is a positive 5, so we move 5 spaces up.

Here is our coordinate grid with the ordered pair (1, 5) shown as a point:

25

20

15

10

Cost of Taxi Ride (in dollars)

0 2 4 6 8 10

Miles Traveled

8) Plot the other ordered pairs from the table onto the graph above.

9) Once you have added all the ordered pairs from the table onto the graph, what do
you notice?
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The graph of this function forms a straight line. When the graph of a function makes a
straight line, it is called a linear function. Linear functions are functions that grow in a constant
way. All of the functions you 