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ATTERN EXPLORATION IS A PIVOTAL ACTIVITY

in all mathematics, indeed in all the scientific

disciplines. Children who are attempting to ex-

press perceived patterns mathematically are in
an excellent position to learn algebraic language
and engage in algebraic activity. Principles and Stan-
dards for School Mathematics (NCTM 2000) ac-
knowledges the relationship of pattern exploration
and algebraic thinking by placing pattern work
within the Algebra strand. Yet one can undertake
considerable pattern exploration without engaging
students in any algebraic thinking whatsoever and
teachers may, themselves, be unclear about how
patterns can be used to further algebraic thinking.
Work with repeating patterns in the early grades, or
teaching patterns as a “topic” in the middle grades,
may not foster the development of algebraic think-
ing in students. In this article, we will address this
question: How can teachers exploit pattern work to
further algebraic thinking and introduce the formal
study of algebra in middle school?
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An Exemplary Pattern

FOR ILLUSTRATIVE PURPOSES, WE WILL REFER TO
the “growing T” pattern (see fig. 1). There are a
number of reasons to focus on this type of pattern.

e Seeing a pattern is a necessary first step in pat-
tern exploration, and simple growing patterns
are explicit, visual, and easy to see. On the one
hand, although repeating patterns such as box,
box, circle, box, box, circle are explicit, it is harder
to see how they can be exploited for algebraic
ends. They are, on the other hand, very valuable
in the early grades for working with the idea of
unit or identifying the repeating unit. In our re-
search with kindergarten children, we found
considerable interference between repeating
and growing patterns, where the latter were
often treated as if they were the former.

e Using number patterns such as 5, 8, 11, 14, . . . are in-
teresting, but they are less useful in the initial work
of viewing a pattern because they are less visual and
do not give rise to a multiplicity of “seeings.”
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Fig. 1 A growing T pattern
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¢ Deciding how to start the pattern is important.
Note that we did not start this pattern with a sin-
gle star, for two reasons. First, in our research
we have found a number of students who object
to a single star being called a T. Second, the al-
gebraic expression of the pattern beginning with
a single star is slightly more complicated be-
cause the general expression involves subtrac-
tion (3z — 2 as opposed to 3z + 1).

Algebraic Avoidance in Pattern Work

BEFORE ADDRESSING HOW TO EXPLOIT PAT-
terns such as the growing T to enrich algebraic
thinking, we would like to take a moment to exam-
ine some common practices in the Quebec grade 7
classrooms where we began our research. In the
Quebec curriculum, the word “patterns” appears
with a flag to indicate that this theme is considered
to be preparation for algebra. Many teachers cover
the topic very quickly, presenting only patterns
that lead to an + b expressions and sharing their
trick of arriving at that expression early on. In the
case of the growing T, teachers often turn it into a
number pattern by immediately asking these ques-
tions: “How many stars are in the 1st T? The 2nd?
The 3rd? It is increasing by how many each time?”
Once the students have answered the last ques-
tion, they are told that the number is the a in the
expression an + b. To get the b, students need only
examine the 1st T in the pattern. It is hard to imag-

ine that any algebraic thinking could be developed
through this approach.

Research shows that more misconceptions than
conceptions arise from such a treatment of pat-
terns (Lee and Wheeler 1987; Orton and Orton
1999; Stacey 1989). For instance, although stu-
dents are able to provide the # formula fairly
quickly, it appears to have little meaning for them.
In the Lee and Wheeler (1987) research, none of
the 354 grade-10 students tested had the reflex to
substitute values for # to see if their formula was
valid for the given configurations. In interviews,
some students indicated that » was a “big” num-
ber. Moreover, when asked how many elements
(or dots, in this case) composed the 57th figure, a
number of students indicated that they would have
to draw the figure to answer the question. For
these students, the formula applied only to the nth
figure, thought of as being somewhere out there,
but not any specific figure and certainly not the 1st
or 2nd or 57th.

What Are Some Good Questions to Ask
about Patterns?

IF STUDENTS ENGAGE IN PATTERN WORK WITH-
out developing any algebraic thinking and, in the
worst-case scenario, it leads to algebraic miscon-
ceptions down the road, then it is important to con-
sider the topic carefully. Some questions that we
have found particularly productive follow.
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1. In which of these drawings can you see a pattern?
WAGEEED A AL A AGIEIA g g Ag
A PAOA A PAGAG A This question is not often asked in classrooms.
PARAG A Since students are usually given configurations or
number sequences that are patterns, they will work
Fig. 2 Can you find the pattern? or a long time trying to impose a pattern on items
f 1 ti trying to i tt it
that do not have one. It is easy to produce nonpat-
terns by simply dropping one figure from the first
Yo K 3¢ Yo ok K e 8 8 & & $1¢ few pattern entries. A group of preservice teachers
PAG * * was recently presented with four configurations,
PG * the first of which was a growing T pattern. The sec-
(a) DAe ond is illustrated in figure 2.
The main reaction to the diagram was to impose
increasingly elaborate pattern rules (involving even
Yok % Yo ¥k T ERRIS BiRi et and uneven numbered forms). A minority of the stu-
A A w dents were convinced that a mistake had been
made in printing the pattern. None objecte a
¥ i de in printing the pattern. None objected that
(b) this simply was not a pattern.
Although seeing a pattern is an important mathe-
¥ Yo ¥ ¥ ¢ % ¢ I P ¥ 3 ¥ 3 vr v matical skill, noting a_patte.rn where ther_e is.none
e e S can lead to mathematical disasters or quite simply
S P be a huge waste of time (months, in the case of
S practicing mathematicians).
(©)
2. How many different patterns can you see in this
i R G ASAS & JIERIGASISAS & & ¢ drawing?
* * *
e * This step is crucial in using patterns to develop rich
* algebraic thinking. It also leads to multiple expres-
() sions of the same pattern, thereby opening the door
to dealing with equivalent expressions and sym-
i\(@ PAY PACIA QA A A g PACVAGA A AA ¢ g bolic manipulation.
S VA % Seeing a pattern is not sufficient. Although
young students express a wide range of pattern per-
PAg W
e ceptions for a single configuration and show consid-
erable flexibility in moving from one to the other,
older students tend to grab onto one pattern percep-
@*@ * * tion and block out others for fear that multiple per-
@ PAG e ceptions will “mix me up” (Lee 1996). Middle
DAY DA¢ school students, with only a bit of encouragement,
¢ can be drawn into the pattern game of multiple per-
spectives and come up with a surprisingly long list
of “seeings.” Figure 3 presents some of the ways
VARAA BADAS PAGAGASA ARAGA that students saw the growing T pattern.
% @ To elicit and share these multiple ways of seeing,
some subquestions are suggested.
_ How do you draw the next figure? Students can be
S N R
n w { w asked to draw the next figure on the board or over-
@D m w head projector while the class is asked to carefully
u @ " observe the order in which the student draws the
elements of the figure. In the case of the 4th figure
w in the growing T, student (a) in figure 3 copied the
3rd T and then placed a single star on each extrem-

Fig. 3 Different “seeings,” or ways that students saw a pattern. The bottom

half of the figure shows other views.
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ity; student (b) placed a central star and then added
the three arms of four stars around it. A horizontal



line of nine stars followed by a vertical line of four
stars under the middle star (the fifth) of that line
was the offering of student (c). Student (d) drew
five stars horizontally, then added five more stars
vertically and horizontally again, but erased one
star each time when he realized they were overlap-
ping on the central star.

Students can be asked to verbally describe one
another’s drawings and offer their own description
if they are different. Each drawing of the 4th T ex-
presses a very different view of the pattern.

How do you draw the 10th figure? After exhaust-
ing and sharing all the various views of the 4th and
perhaps the 5th figure, students may be asked to
draw the 10th T on the board. A few students may
be able to draw it directly. However, most students
will initially feel the need to draw the 5th through
the 9th Ts before attempting the 10th, even if their
pattern perception does not involve adding (here,
three stars) to the previous figure. The next ques-
tion will push students to find a quicker route.

How would you draw the 58th figure? Here we
have moved into “saying” a pattern. Some students,
like a few in our experimental class, would volun-
teer to actually draw the 58th T (and take up the en-
tire mathematics period) to the despair of their
classmates. However, most students understand
that a description in words would suffice. Different
descriptions of how to draw the 58th figure—corre-
sponding to the different views elicited previously—
should be encouraged. Other positions such as the
24th, the 100th, and the 201st can be the subject of
questioning until the students appear ready for a
more general statement.

How would you tell someone how to draw any fig-
ure at all? By this stage, you might expect to hear
these ways to draw any T.

“You draw a star and then add arms of that number to the
right, the left, and below.”

“You take the T before it and add a star to each end.”

“You make the T out of three pieces, each one having the
number plus one star. You overlap these pieces at the cen-
ter of the T.”

“You double the number and take away one and that gives
you the number of stars in the horizontal line. Then you draw
the vertical part of the T under the middle star by adding the
same number of stars as the number you were given.”

How would you restate that description if I tell you
that the figure is the nth? An example might be of-
fered that corresponds to one of these statements:

“Draw a star and then add arms of » stars to the
right, the left, and below.” Students can then be en-
couraged to reformulate their previous general
statements in terms of #.

3. | have a box of twenty-five stars. How big a T could |
make? Would | have some stars left over?

The focus of attention changes sharply here. Until
now, students have not been asked to focus on the
number of stars in each shape. Various strategies
will emerge. Take time to elicit and discuss the dif-
ferent approaches.

Some students may suddenly start counting the
number of stars in each T that they have drawn,
which can lead to some interesting reasoning. For in-
stance, a student or group of students who count the
stars in the 4th T (getting thirteen) may use inappro-
priate proportional reasoning to decide that the 8th T
would have twice as many stars (twenty-six). They
might also conclude that there would be a star miss-
ing for the 8th form and, therefore, the biggest com-
plete star would be the 7th. Stacey (1989) identified
this “proportional reasoning” strategy as a major
source of difficulties and errors in pattern work. This
is a good occasion to deal with this error because stu-
dents can easily draw and count the number of stars
in the 7th and 8th T shapes. Other students might
use a trial-and-error approach, drawing the stars until
they get (or do not get) a T shape and using any of
their pattern perceptions to decide which one it is.
For example, “There are eight stars in each of the
arms around the middle star, so it’s the 8th.”

4. How many stars does it take to make the 10th, the
58th, or the 100th figure?

Now that attention is focused on the number of
stars in the T shapes, students can be encouraged
to use several of the pattern perceptions to answer
these questions and, finally, to give a rule for how
many stars are in any given T shape. This covers
ground that is similar to question 2, although for
students the switch from expressing how to draw a
particular T to how many stars are in a particular T
shape makes quite different demands on them.

5. How many stars does it take to make the nth figure?

Once a general formulation has been made for the
number of stars in any T shape, students are ready
to respond to the request for a verbal and then a
written expression for the number of stars in the
nth T shape. Their written expressions will proba-
bly not respect convention and may contain some
words. However, the important thing at this point is
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to elicit attempts at symbolic writing that allow the
students to communicate their different ways of ex-
pressing their “seeings” and “sayings” and to come
to some agreement on the meaning of each. A pos-
sible student response to this question for each of
the pattern perceptions is presented in figure 4.
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Fig. 4 Different “sayings,” or ways that the pattern could be described math-
ematically. The bottom half of the figure presents another mathematical view.
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6. Which of the expressions for the nth shape is a
“right”’ one?

This question can lead to interesting work as students
seek to justify each formula by checking to see if it
works for the Ts that they can count or have already
counted. This important step is often omitted by stu-
dents when they are dealing with their own formulas.

If the first pattern perception has not already
been put aside, it certainly will be here. It is a valu-
able lesson for students to note that some pattern
perceptions are not easy to express symbolically. If
students have developed some flexibility in pattern
perception and are able to see the pattern in a num-
ber of ways, they will easily move to a different pat-
tern perception that is more amenable to symbolic
expression rather than locking on one inexpressible
view and being unable to move.

Students will want to know how all these differ-
ent-looking expressions can be correct. This situa-
tion opens the door for introducing equivalence of
expressions. How, for example, can 1 + (3 x #»);
(nx2)+1) +n;and ((n +1) x 3) — 2 all be equiva-
lent to one another?

The difference between discussion around these
particular expressions and a set of made-up expres-
sions is at the belief and investment level. These ex-
pressions belong to the students; they express a
whole world of shared meaning that has developed
in the group. They own and care about these ex-
pressions and very much want to solve the dilemma
that the expressions all appear to be correct, in spite
of looking so different. They are thus motivated to
engage in the next task of symbolic manipulation.

Here the teacher may up the ante by introducing
a new rule or expression, (# + » + 1) + z, and asking
if it, too, gives the number of stars in the nth T
shape. This question may be followed with “What
new ‘seeing’ does this express?”

The symbolic manipulation can be launched by
asking students to think about how natural numbers
behave when we operate on them (commutativity,
associativity, distributivity) and to apply this knowl-
edge to show that each expression is equivalent to 3%
+ 1. Some conventions may be introduced as the
work progresses (such as 2z for n + n or n x 2, the
use of brackets to keep parts of expressions to-
gether, etc.). After satisfying themselves as to the
equivalence of their expressions, students might be
given other expressions and asked to verify their
equivalence to 3z + 1 and to determine to what pat-
tern perception they might correspond. For example,
(1 + (nx 4)) —n might be seen as a cross with the top
removed or as a central dot with four arms from
which the top arm of # stars is removed (see fig. 5).

In all this work, # has been a variable, any num-



ber in the natural numbers, and our focus has been
on writing and verifying equivalent expressions. We
have been laying the foundations for the study of re-
lations and functions. A simple question can shift us
into thinking of # as an unknown specific number
and eliciting that other side of elementary algebra
where we are concerned with finding unknowns
through setting up and solving equations.

7. Which figure has exactly one hundred stars in it?
What about fifty stars?

This inquiry takes us back to question 3’s twenty-
five-star problem that was used as a transition to get
students to focus on the number of stars in each T
shape. Here it is used to shift to the use of the letter
as an unknown and the resultant activity of solving
equations. The question here is this: “For what »
can any of these equivalent expressions equal one
hundred?” Students may want to reason from their
various pattern perceptions, at first. For example, if
1 + 3n is to be equal to 100, then the three arms of #
stars must contain ninety-nine stars. This means
each arm contains thirty-three stars.

“Marlowe told me that she counted fifty stars in
one of the Ts, and I responded that I think she mis-
counted. Why?” Here the teacher is asking if 1 + 3%
can equal 50. This questioning can be extended in
several directions, including the nature of the num-
bers that would correspond to a complete T shape.

8. How many interesting pattern problems can you
create for the rest of the class?

After experience taking this questioning through a va-
riety of patterns, students can now be asked to work
in teams to create a pattern problem for the class.
Asking students to create a pattern forces a synthesis
of the activity: What is the nature of the activity we
have been doing? What is a pattern? What are the dif-
ferent ways that people might see it and, therefore,
express it? How do we decide (fairly quickly) if an ex-
pression is equivalent? What numbers of stars will
make a form, and what numbers are excluded? How
can we decide quickly? Here the students make the
entire activity—not just the expressions—their own.

Closing Remarks

PATTERN WORK IS NOW UNDERTAKEN AS EARLY AS
kindergarten, and both researchers and teachers have
discovered that children engage in pattern work with
great enthusiasm and innate ability. Having some flex-
ibility in pattern perception and selecting mathemati-
cally useful patterns require some training, although
there is nothing particularly algebraic about these
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Fig. 5 One way of “seeing” (1 + (n x4)) - n

skills. They are, however, a prerequisite to using pat-
terns for introducing more formal algebra. Expressing
pattern “seeings,” saying a pattern with words and
eventually using algebraic symbolism, is part of alge-
bra. A pattern rule involves the use of a variable quan-
tity. Although the variable in school pattern work is re-
stricted to natural numbers, students can acquire
some familiarity with the role of variables. Guided by
scaffolded questioning, pattern explorations can lead
to some very rich algebraic thinking about variables
and unknowns, equivalence of algebraic expressions,
symbol manipulation, domain and range of expres-
sions and equations, and solving for the unknown.
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